THE SPHERE IN THE IMAGE

BY
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Introduction. If f(x) is an analytic and univalent function of the complex
variable x in the unit circle S = {x: | x| < 1} and f(0) = y,, then the image f(S)
of S contains a circle with radius ry = zl £'(0) ] Even when f(x) is not univalent,
the image f(S) of S contains a circle with radius k [ (V) ], where k is the constant
of Bloch().

The aim of this paper is to prove theorems, similar to the last statement, for
some mappings of n-dimensional Euclidean spaces and general Banach spaces
into themselves. The idea of the proofs consists in the following use of fixed
point theorems(?):

Suppose that S = {x: | x| <1} is the unit sphere in a Banach space X and
that for a given ye X the mapping x — B[ f(x) — y] of S into X has a fixed
point x € S for some f# 0. Then f(x) =y and so y is contained in the image
f(S) of S. Considering all such points y, we are looking for conditions under
which the set of these points contains a sphere with radius as large as possible.

By S = S(x4,7) = {x: p(xo,x) £ r} we denote the sphere with center x, and
radius r in a metric space with metric p and by Bd(S) = {x: p(x¢,x) = r} the
boundary of S. (By (x,y) we denote the scalar product of x and y.

1. In this section a simple generalization to Hilbert spaces of the fixed-point
theorem of Schauder (Theorem 1) and its applications are given. Before pro-
ceeding with the proof of Theorem 1, let us first note the following

Lemma 1. If X, and X, are closed subsets of a metric space X and
f1:X,»Yand f,: X, > Yare mappings(®) of X, and X, into a metric space Y,
then
fi(x) for xe X,
fo(x) for xe X,

is continuous on X, X,, provided that fi(x) =f,(x) on X; N X,.
The proof is trivial.

Jx) =

ReMARK 1. Easy examples show that the assumption of closedness of the
sets X; and X, in Lemma 1 is essential.
(1) Bloch’s Theorem has been generalized to mappings of n-dimensional spaces by S. Bochner
in [2].
(2) A particular case of this idea has been used in [9], p. 734.

(3) By “mapping” we always understand a continuous mapping.
Received August 12, 1963.
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THEOREM 1. Letf:S— X be a completely continuous mapping of the sphere
S={x:|x—xo| < r} in the Hilbert space X into X, such that

€Y (x = x0, f(X) = x0) £ 1*  for xeBd(S).
Then there exisis a point X €8 such that f(X) = %(4).

Proof. Define for x € S the function

fi(x) = f(x) for xEX1={x:”f(x)—x0”§r}

g(x) =
_ f(x)— Xo
fix) = %o + 1 ||f(x) ~ %, “

Then, by the continuity of f, the sets X; and X, are closed subsets of S, and
for xeX, N X,={x:[f(x)—x,| =r} obviously f,(x)=f,(x). Hence, by
Lemma 1, g(x) is a continuous function on S. Moreover, since S =X,UX,
and f is completely continuous on S, it follows that g is also completely con-
tinuous on S. Thus by || g(x) — x4 || £ r and by the theorem of Schauder [10,
Theorem 2] there exists a point X such that X = g(x). Supposing g(%) = f,(%) = %,
we get
o)) f(£) = %o -

rm=x—xo.

Hence | % — x| = r, i.e. £€Bd(S). On multiplying both sides of (2) scalarly
by f(X) — x,, it follows from (1) that r [] () —x, ]l < r%. But then, by the de-
finition of g(x), we have % = g(%) = ().

forxe X, = {x:]|f(x) — x| =1}

LeMMA 2. Let f:S—X be a mapping of a sphere S = {x:|x —x,| < r}
in the Hilbert space X into X, such that for some f +# 0, the mapping x + Bf(x)
is completely continuous on S. Suppose further thal for some given jeX
we have

3 (x — x0, BLf(x) — 1) £ 0 for every x € Bd(S).
Then there exists a point %€ S, such that f(%) = 7.

Proof. Weshow that Theorem 1 applies to the mapping h(x) = x + B[ f(x)—7].
In fact, since x + Bf(x) is completely continuous, it follows that h(x) is com-
pletely continuous, and it remains to verify that (1) holds with f replaced by h.
Indeed, for x€Bd(S) we have (x —xo,x—xo +B[f(X) = F]) = [ x—x,]>
+(x—xq, BLA(x) — 7P=7% + (x—x, B[ f(x)— 7]). Hence by (3), the assumption
(1) holds with f replaced by h. By Theorem 1 there exists a point % = h(%), and
since f # 0 it follows that f(%) = j.

Putting, in Lemma 2, x, = 0 and either § = 1 or f = — 1 we obtain the following

(%) For mappings of finite dimensional spaces, Theorem 1 can be derived from a result
of A. Abian and A. B. Brown [1].
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THEOREM 2. If f:S— X is a mapping of the sphere S={x:|x|<r} in
the Hilbert space X into X such that for some given 7 either

@ (x.f(x) = (x,p) for | x| =r and x +f(x) is completely continuous in S
or

() (x.f(x)) Z (x,7) for | x| = r and x — f(x) is completely continuous in S,
then there exists a point X€ S, such that f(X) = j.

The following two examples illustrate the use of Theorem 2.

ExampLE 1. Let X be the Euclidean 2n-dimensional space, {a;};=1,2..:n @

sequence of n real numbers, k — a positive integer and consider the mapping
f:X - X defined by

2k—1
Vaj-1 = —X3j-1 = A%y
4 { s (j=1,2,,n)
Y25 = —X3; "t aXz;-4

where x = (x,X,,**,X,,) and y = (¥4, ¥2,**, V2,) are points of X.
Then the image of the unit sphere S={x:[ x| <1} contains a sphere
S'={y:|y] £ro} with radius rq= (1/2n)L,

Proof. We have ¢(x)=(x,f(x))=— X?2,x?* and for | x| =1 (i.e. for
x € BA(S)), ¢(x) has a maximum for x, = x, = -+ = X,,. This maximum equals
max =, $(x)=—(1/2n)} "' = —r,. Now, if || #|| < r, then for x with || x| =1
we have |(x,7)| < | 7| S ro and therefore (x,7) 2 —ro. It follows, that for
every || 7| <7, we have (x,f(x)) £ (x, ) for x with | x| = 1. Moreover, since
X is finite-dimensional, x 4 f(x) is completely continuous and therefore the
assumption (a) of Theorem 2 is satisfied. Thus, by Theorem 2, there exists a
point % € S such that f(X) = 7. Hence each point y€ S’ is an image of some point
XeSs.

REMARK 2. Let us note that the result obtained in the above example is in
general the best possible. In fact, if X is the real plane (i.e. n=1) and k=2
the mapping (4) has the form

3
Vi = —X; — G1X;
4" {

3
Y2 = =X + a1%

Therefore, by the result of Example 1, the map of the unit circle under map-
ping (4') contains a circle || y || < ro with radius ro 2 4. Now taking a, =0,
we obtain y; = —x3; y, = —x3, thus x; = —y}/3, x, = —y}/* and the image
of the unit circle x? + x2 < 1 is the set S’ of points satisfying y¥/3 + y2* < 1.
It is easy to see, that the largest circle contained in S’ has radius 4.

Similarly it can be shown that for a (2n — 1)-dimensional Fuclidean space X,

the map of the anit sphere [|x " £ 1 under the mapping:
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2k—1
Yaj-1 = —X3j-1 — QX5
2k-1 . _
Y2 = —X3; " + 4%z, (=12,---,n-1)
2k—1
Yon-1 = —Xzp-1

where a;,j=1,2,---,n—1, are real constants and k is a positive integer, con-
tains a sphere S’ = {y:| y| = ro} with ro = 1/2n—1)*"".

ExampLe 2. Let X = L,[0,1] be the Hilbert space of all square integrable
functions on the interval [0,1] and consider the mapping f:S — X of the unit
sphere S = {x = x(r): | x| £ 1} into X defined by f(x) =x + [gx*(u)du. Then
x —f(x)= — [ox*(u)du is a completely continuous mapping on S and for x
with x| =1 we have

|G1=p) = [x]-1-5] = [1-7]

Hence, for x with | x| =1 we obtain

1
SN —(x,7) =1 +J; x([1-5®]dtz1-|1-7|.

It follows that for § = ji(1) satisfying 1 = || 1 — 7| the inequality (x,f(x)) = (x, 7)
holds for x e Bd(S). Thus the assumption (b) of Theorem 2 is satisfied. By
Theorem 2, we obtain that the image f(S) contains a sphere ' = {y:||y — 1] = 1}.

It is easy to verify that S’ is the largest sphere with center yo(f) =1 contained
in the image f(S) of S. In fact, taking any constant function y(f) =2 + ¢ with
¢>0 and assuming that for some x = x(f) there is f(x)=2 +¢, we obtain
x(fy=const=c and ¢* +¢—(2+¢£)=0. Hence [c|>1 and thus |x[>1.

2. In this section some consequences of the contractive-mapping principle
and their applications are given. The idea of use of the contractive mapping
principle is analogous to that used in [5, p. 148] for finding of the so-called
resolvent of a non-linear operator.

Let us call a mapping g: X — X of a complete metric space X, with metric p,
into itself y-contractive (0 <y < 1), if

%) p(g(x),8(») = yp(x,y)

holds forall x, y € X. If (5) holds for all x,y belonging to a sphere S in X, then
g is called y-contractive in S.

It is known that
(6) If g:S— X is y-contractive in the sphere S = S(x,,7) contained in a
complete metric space X and if for x; = g(x,) we have p(x4,x,) (1 —9)r,
then the sequence x, = g(x,-), n=1,2,--- converges to the unique solution
x € S(xq,r) of the equation g(x) = x [7, p. 49, Remark 2].

Let now f: X — X be a mapping of a Banach space X into itself. We say that
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the sequence («,B,7,r,X,) has the property P and write («,,7,7,%0) € P if the
mapping ax — Bf(x) is y-contractive in the sphere S = S(x,,7)(5).

Note, thatif («, 8,7,7,x,) € Pand y is any point of X, then g(x) = ax— B[ f(x) — y]
is y-contractive in S(xq,7) and, for x, = g(x,) and y, = f(x,), we have

p(xo,x1)=”x0—cxxo +/3(J’o—)’)” = II—“I'”xo" +/3"J’0—YH-

Hence, for y satisfying | yo— || S[Q —9r—|1—«| | xo[1/| B8], we ob-
tain p(xq,%;) < (1 — y)r. Therefore it follows from (6) that if («,f,7,7,x0)€P,
then there exists a unique point x € S(xo,7), such that ax — B[f(x) — y] =x,
ie. y=((1—-0)/P)x +f(x) (if ##0). In other words:

() If («,B,y,7,x0) € P and B # 0, then the image f(S) of the sphere S = S(x,, 7)
under the mapping f(x) +{((1—a)/B)x contains a sphere S(y,,r,) with center
yo =f(xo) and radius ro=[(1—-pr—|1—a||x|1/]B]-

Noting that if S; = S, then f(S,) = f(S,), and putting in (7) @ = 1, we obtain
the following

TueoreM 3. If (1,B8,y,7,%0) € P, S(xq,7) =S = S(%,7) and B#0 then the
image f(S) of S contains a sphere S’ = S(yo,ro) with center yo=f(x,) and
radius ro =((1-7)/| B)r.

For some applications of this theorem, let us recall the notion of derivative
for mappings in Banach spaces.

Let f:G— H be a mapping of an open set G contained in a Banach space X
into a subset H of a Banach space Y. Let x, € G, and suppose that there exists
a linear mapping A:X-Y such that for every xeX we have
lim, o [f(xo + tx) — f(xo)] /t = A(x). The mapping A is called the derivative of f
at the point x, and denoted by f'(xg) ot f'.

It can be shown (°) that:

If [y,x] = G is an interval and f:G— H has a derivative at each point of
[y,x], then for every linear mapping U : X — Y we have | f(x) — f(3) — U(Ay) |
< SUPgegey [ f'(y + 0AY)— U+ | Ay| where Ay =x—y.

Substituting ff for f and Ix = x for Ux in the last inequality, we obtain that
if f:S = X is a mapping of a sphere S = S(x,,r) in the Banach space X into X
having a derivative f’ at every point of S, then for each two points x,y €S we

have |x —y— BLF(x) —fM]| < supges| B &)~ I]-|x=»]-
Thus, if for some f#£0and y,0<y <1,
®) 1B/ —I|<v

is satisfied for every &€ S(x,,7), we obtain that (1,8,y,7,x,) € P.
Therefore, by Theorem 3, we have the following

(5) An analogous condition was used in [8].
©) [6, p. 592].
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THEOREM 4. If f:S— X is a mapping of a sphere S = S(%,F) in a Banach
space X into X, having a derivative f’ at every point of some sphere S(xq,r) = S
and if there exist f# 0 and y, 0 <7y < 1, such that (8) holds, then f(S) contains
a sphere S’ = S(yo,ro) With center yo = f(xo) and radius ro=((1-y)/|B)r.

The next two examples illustrate the use of this theorem in the case f=1.

ExaMmpPLE 3. Let X = C[0,1] be the Banach space of all continuous func-
tions on the interval [0,1], with the norm | x| = maxeg,<|x()|. Let
fx) = x() + [ex*(u)du(7). Then f'(&)x = x(1) + 2 [§ &u) x(u) du and
[I—f(O)x =2 [§&u)x(u)du. Hence | [ I — f'(E)]x || £2 [¢|&w)|-|x(u)|du and
L1-r @] <2 o )| du 7.

Taking || &(u) || < r we thus get, by Theorem 4, ry = (1—2r)r, the maximum
of which is attained for r = . Hence the image of the sphere S(0,1) contains
the sphere S(0,3).

EXaMPLE 4. Let X = C[0,1] and let f(x) = x(s) + [oe “[x(1) + $x*(8)],dt,
0<s=<1. Wehave f'(&)x(1) = x(s) + foe *'[1 — E()]x(1)d1 and for &(1) € S(0,1)
we obtain

|£7(&) = I| = max fe""(l + E@))dt = f [1+¢&@)]ar-
0ssstJo 0

Let us now look for a fixed sphere S(x,,r) contained in S(0,1) and find
SUP; e scrom |/ (€)= I||. For &eS(xo,7) we have 1+ &) <1 +x,+r and
Jo[l +EMJdt £1 + r + [oxo()dt = y. Therefore | f(&)— 1| <y for &€ SE,7).
By Theorem 4, we obtain ro = (1 —y)r= —r(r + [gxq(f)dt. Taking xq(f)=c
= const, with ¢ <0, we obtain from S(x,,r) = S(0,1) that r=1+¢ and
ro=—r(r+c¢)=—(1+¢)(1 +2¢). This has a maximum for ¢ = — . There-
fore for xo(f)=—3%, we have r=1+c=}and ro=—4(—4) =1 It follows that
the image f[S(—%,%)] of the sphere S(—2,}) contains a sphere with radius 2,

ReEMARK 3. The results obtained in Examples 3 and 4 are not the best pos-
sible. We note also the following consequence of Theorem 1: f f: S—» X is a
completely continuous mapping of a sphere S =S(0,r) in a Hilbert space X
into X such that f[Bd(S)] = S, then there exists a fixed point x = f(x)€S.
Indeed, if f[Bd(S)] = S then evidently (x,f(x)) < r* on Bd(S), i.e. condition (1)
is satisfied (for x, = 0) and by Theorem 1 there exists a point x such that x = f(x).
This result is well known for mappings of spheres in finite-dimensional Fuclidean
spaces. Another well-known result, which can also be easily derived from
Theorem 1, is:

If f:S - X is a mapping of a sphere in a finite dimensional Euclidean space X
into X which is a homeomorphism on Bd(S) and for which f(Bd(S)) = Bd(S),
then S < f(S).

(7) This mapping was considered in [3, p. 136].
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We shall now prove a theorem, which is an analogue for Banach spaces to
a “‘uniform’’ version of the theorem on implicit functions for finite dimensional
spaces. Before proving this analogue let us make some general remarks.

First of all, we note that in infinite dimensional spaces X an isometric mapping
f:S— S of a sphere S = X need not necessarily contain a sphere in X. Indeed,
let X be the Hilbert space I,.1,e., the set of all sequences {x;,X,,-**,X,*:~,) such
that X2 ,x? < oo, where x; are real numbers and let S be the unit sphere
S={x:|x| £1} in X. Let f(x) = (0,xy,%,,--) for x = (x,%,,--). Then f(S)
is nowhete dense in X and thus it does not contain any sphere in X.

In what follows, we shall confine ourselves to mappings of the form x — F(x),
where F(x) maps a Banach space X into itself.

In the case that F(x) is completely continuous it is known that the image f(S)
of a closed unit sphere S < X (or even of a closed and bounded set) is a closed
subset of X [4, p. 193]. A simple example shows that it is not true that the image
J(S) contains a sphere in X. Indeed let us define F(x)=(x,,0,0,-:) for
X =(xq,%,,---) where xel,. Then f(x) =x — F(x) =(0,x,,x3,+), where F(x)
is completely continuous, but f(S) does not contain any sphere in X. Note how-
ever, that in this last case we have || F'(x)|| =1 for every x € I,. In the case that
| F'[| £y <1 it follows (for F(x) not necessarily completely continuous) that
|f*—1I|=|F'| =y Hence, by Theorem 4, the image f(S) of the sphere
S = S(0,r) in a Banach space X contains a sphere in X of radius (1 —9y)r.

TaeoreM 5. If | F/(0)|| £y < 1, || F'(x)|| £ Kfor | x|| £ r and r 2 (1 —7)/2K),
then the image f(S) of the sphere S = {x:| x| < r} contains a sphere of radius
ro=(1-7/2)?* /K.

Proof. We have |F'(x)||=|F(0)+F'(x)—F' )|y +|F(x)-FQ)]
£y + K | x [|(®). Hence for x satisfying || x | £ (1 — y)/2K) we obtain
[F'(x)| £ (1 +7)/2<1. Therefore |f'— I||=|F'|| £ (1 +y)/2 and by Theo-
rem 4, the image f(S) of the sphere S contains a sphere of radius ro=((1—7y)/2)?/K
and center y, = f(0). It is easy to show that f maps the sphere
{x: [|x]| £(1—y)/2K} onto S(yo,r,) in a one-to-one fashion.
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